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1 
Proper Orthogonal Decomposition-Based Reduced Order 
Model of a Hydraulic Mixing Nozzle  
Sunil Suram1, Douglas S. McCorkle2 and Kenneth M. Bryden3 
Department of Mechanical Engineering, Iowa State University, Ames, IA, 50010 
In this work, a reduced order model is constructed for a hydraulic mixing nozzle using 
proper orthogonal decomposition. Data from several CFD computations are collected to 
provide the data for input to the reduced order model and flow is projected onto the most 
dominant principal axes to study the flow structures. Flow structures are compared for the 
original and optimized shape nozzles to study the effect of changing the nozzle’s shape on the 
flow characteristics. This study also addresses issues regarding the time required for 
collecting CFD data and how it has been reduced by using a modified convergence criterion.  
Nomenclature 
u
r
 = velocity vector 
, ,u v w  = components of velocity in , ,x y z  directions respectively (m/s) 
p
 
= pressure (N/m2) 
φ  = principal axis 
I. Introduction 
 mixing nozzle, as shown in Fig. (1), is used to enhance mixing of chemical solutions in storage tanks 
containing water. Understanding the flow through a mixing nozzle is of prime importance in predicting, 
understanding, and enhancing mixing phenomena in the tank. A critical tool in this effort is computational fluid 
dynamics (CFD), which involves mathematically modeling equations describing the motion of the fluid and solving 
them numerically using a digital computer. Since the numerical solution of the governing Navier-Stokes equations is 
time-consuming, utilizing them in control/optimization settings becomes unfeasible and reduced order modeling 
(ROM) techniques have to be considered to obtain accurate solutions in real time. Time to perform a CFD 
computation is proportional to the number of grid points at which the primitive variables have to be evaluated; in 
this case, , , ,u v w p  (i.e., the components of velocity in the , ,x y z  directions and the pressure distribution). Thus, 
constructing a ROM is important especially when optimization/flow-control applications are being considered 
within the mixing tank. Reduced order models have been used previously for process control/optimization 
applications and several of them can be found in the references listed at the end of this article. Ly et al.1 have 
constructed a proper orthogonal decomposition (POD)-based ROM for a chemical vapor deposition (CVD) reactor. 
My-Ha3 et al. have developed a POD-based ROM to simulate the dynamics of the formation of underwater bubbles 
and prediction of the surface shapes. Kirby5 et al. have used the POD technique to analyze the flow fields from data 
collected by performing large eddy simulations of jet flow.  
II. Nozzle Background 
 This work builds on work by Englebrecht4, the focus of which was to build a mathematical model to study the 
flow characteristics and optimize the shape of the mixing nozzle. The remainder of this section discusses some 
details about the modeling of the nozzle and the primary parameters of interest on which the ROM’s construction is 
based. The operating range for the flow velocity to the nozzle is 36 to 110 ft/s when the jet diameter is 5/16 of an 
inch. The corresponding values in SI units are 10.972 m/s to 33.538 m/s with a diameter of 9.525 cm. The input flow 
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velocity is used as the input parameter for which the POD approximation is being constructed. A total of 50 datasets 
were collected at equal intervals of the input flow velocity range, i.e., min inlet maxV V V≤ ≤  with 0.451 /V m s∆ = . 
Of these datasets, only 17 were used to construct a set of basis functions for the POD approximation. A subset of the 
remaining datasets were used to compare the results from the POD approximation and the original CFD simulations 
at values of inlet velocity not present in the datasets used to obtain the POD basis. 
 
  
Figure (1). Hydraulic mixing nozzle.  
  
The CFD model utilized in this work is based on the work of Englebrecht4. The model was created with StarCD for 
data generation for the ROM utilized in this research. The model consists of 30,000 cells and uses cyclic boundary 
conditions to reduce computational time. The fluid used for this research is the default water properties from 
StarCD.  For this work, it is not necessary to change the model’s characteristics as it serves the purpose of a test case 
for illustrating the benefit that ROMs might play in process control applications or multi-system optimization. The 
computational cost of a full-fidelity analysis is several minutes; therefore, utilizing this model fidelity within an 
optimization algorithm with hundreds of thousands of iterations is computationally unfeasible and would be a 
detriment to the process being controlled. One area that is utilized within this work is utilizing the convergence 
criteria, which Englebrecht4 proposes. 
 
A. Convergence Criterion 
 
 
Figure (). Graph of error versus the number of cells in the model. 
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This convergence criterion utilized to generate a ROM is based on mathematical approximations. These 
approximations are only as good as the data provided. In this case, more samples to approximate the problem 
domain are more valuable than the increased convergence time of the CFD model.  
Fig. () shows that increased convergence time does not add any benefit to the solution being sought with regards 
to the velocity profile at the exit of the nozzle. In the specific-use case of hydraulic mixing in the tank, the ROM will 
become more accurate as more samples are added to the training data. In developing the ROM to improve the 
computational efficiency of the algorithm, an improved CFD model runtime has a direct impact on the ROM 
efficiency in its ability to be integrated in larger system optimization routines. 
 
III. Proper Orthogonal Decomposition  
This section briefly outlines the technique of proper orthogonal decomposition. Further details can be found in 
Kirby2.  
B. Snapshot Method 
 This section outlines the snapshot method and describes how the dimensionality of the eigenvector problem can 
be reduced. The ensemble covariance matrix can be computed as  
1
P
=
TC X X  (1) 
It should be noted that the size of the covariance matrix is ( ) ( ) ( )P kN kN P P P× × × = × , thus making the matrix 
C of much smaller size, especially if N P . Thus, the ROM can be expressed as  
1
N
i
i
i
a φ
=
=∑x
r
 
C. Energy of the Expansion 
 The accuracy varies depending on the number of terms used in the POD expansion. The energy of the thi mode 
in the expansion is computed using Eq. (2), shown below:  
1
i
i N
i
i
sE
s
=
=
∑
 
(2) 
where is refers to the 
thi singular value. This is referred to as energy because it is proportional to the squared 
singular values. This energy criterion is used to determine the number of terms at which the POD expansion can be 
truncated. 
D. Interpolation of Coefficients 
 To evaluate a POD approximation of a vector field that is not in the original data matrix X , a linear interpolation 
scheme can be used to compute the coefficients corresponding to this vector. Thus, if the coefficients *a , at *q  such 
that * 1k kq q q +< <  have to be evaluated, 
*a  is given by 
1
*
*
1
( )( ) ( )k k k
k
q q q
k k
q q
a a a a
q q+ +
−
= + −
−
 (3) 
Piecewise linear interpolation has the drawback of not capturing the data accurately. Higher-order interpolation 
schemes can be used if necessary, although linear interpolation has been found to be sufficient in most cases in the 
literature [1, 3]. In addition, multiple parameters that can dictate the dynamics of the system have to be considered.  
E. Error Computation 
 To measure the accuracy of the POD-based ROM, the 2l  norm of the actual values is compared with the POD 
approximation as shown in Eq. (4).  
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2
2
ROM CFD
CFD
ε
−
=
x x
x
 (4) 
This computation requires that the data from the CFD computation be available too. Both the average and the 
maximum error are computed in each case.  
 Using the POD technique, a snapshot ensemble is constructed for the velocity vector and is shown in Eq. (5),  
0 0 0
0 1 1
1 1 1
0 1 1
1 1 1
0 1 1
m
m
n n n
m m n
−
−
− − −
− ×
 
 
 
 
 
  
u u u
u u u
u u u
r r r
K
r r r
K
M M K M
r r r
K
 (5) 
where equation [ ]Tu v w=ur . Here, m  is the number of snapshots collected and n  is the size (number of grid 
points) in each snapshot. In the case of pressure, the vector p  is simply replaced by the scalar pressure value in the 
matrix. Separate ensembles and hence ROMs were constructed for pressure and velocity because the velocity 
(magnitude) and the pressure are several orders of magnitude apart. 
IV. Results 
 Englebrecht4 developed an evolutionary algorithm to optimize the shape of the hydraulic mixing nozzle. The 
objective function for the shape optimization was to obtain a uniform flow velocity at the outlet of the nozzle. 
Details about the evolutionary algorithm used and the CFD studies can be found in Englebrecht4. The profiles of the 
original and the optimized shape nozzles are shown in Fig. (). It is observed that in the optimized nozzle the shape of 
the horn does not diverge when compared to that in the original nozzle profile.  
 
In this study, ROMs were generated for both the original and the optimized nozzles with the primary objective being 
to analyze the flow characteristics of the nozzles before and after shape optimization. The results from the ROMs are 
discussed in the following sections.  
 
 
(a). Original nozzle.  
 
(b). Optimized nozzle.  
 
Figure (). Profiles of the original and optimized nozzles.  
 
V. Original Nozzle 
 This section discusses the main characteristics of the flow through the original nozzle. The results from the POD 
approximation are compared to the CFD solution for inlet flow velocity values not used to construct the basis 
functions.  Separate ROMs were constructed for computing POD approximations of the velocity and pressure fields 
in the domain.  
A. Velocity Field 
The components of velocity , ,u v w were extracted and a concatenated matrix was constructed as explained in 
the previous section. The POD approximation was applied on the concatenated matrix and the results are explained 
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in this section. Table (1) shows the first nine normalized singular values and the corresponding energy captured by 
each of the first nine basis functions (modes). 
 
Mode Normalized Singular Value
1
is
s
 Energy% Cumulative Energy % 
0 1 98.3210 98.3459 
1 0.0097572 0.9593 99.3055 
2 0.00461588 0.4538 99.7595 
3 0.000957096 0.0941 99.8536 
4 0.000699703 0.0688 99.9224 
5 0.000388829 0.0382 99.9606 
6 0.000168219 0.0165 99.9771 
7 0.000151635 0.0149 99.992 
8 8.0397e-05 0.0079 99.9999 
 
Table (1). Normalized singular values and corresponding energies. 
 
Fig. (2) shows the velocity magnitude distribution in the domain for the POD approximation and the CFD 
solution. 
 
 
(a). POD approximation.  
 
 
(b). CFD simulation.  
Figure (2). Comparison between (a) POD approximation and (b) CFD results.  
 
B. Error Computation  
To compute the error in the POD approximation, a corresponding CFD simulation is first computed. The error in the 
POD approximation is computed using  
2
2
ROM CFD
CFD
ε
−
=
x x
x
 (6) 
where x represents the vector/scalar for which the error is being computed. The maximum and average errors 
computed using Eq. (6) for the velocity magnitude are shown below. 
 
Average Error (%) 1.61e-04 
Maximum Error (%) 2.301 
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C. Eigenfunction Analysis 
The POD approximation, which is essentially a lower-dimensional representation of the data, can be projected 
onto particular basis functions. This can help in analyzing patterns/structures in the data that are captured by those 
basis functions. Since the statistical variance captured by the particular basis function is known from the energy it 
contains, it is possible to identify the exact flow structure contributed by each mode.  It should be noted that this 
analysis is performed on the mean subtracted data. 
In the 0th mode, shown in Fig. (3), 0φ captures approximately 98.3% of the variance and has one primary 
structure that depicts the (mean subtracted) flow through the nozzle. The first mode captures approximately 1% of 
the variance and has one major structure and one minor structure in the flow. Also, the first and second modes have 
nearly equal magnitudes of maximum velocity. This is also evident in the singular value spectrum shown in Fig. (8). 
It should be noted that the sum of the mean flow (d) and the first three modes (a), (b) and (c) equal the POD 
approximation, shown in Fig. (2). 
 
 
(a). Projection on Mode 0, 0φ . 
 
(b). Projection on Mode 1, 1φ . 
 
(c). Projection on Mode 2, 2φ . 
 
(d). Average flow computed using all datasets. 
 
Figure (3). First three dominant modes and the mean flow.  
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It can be seen that the projections on 1φ  and 2φ  reveal flow structures that are not evident from the CFD 
solution in Fig. ( b). The magnitude range is approximately equal in these projections ( 1φ  and 2φ ), meaning that 
both structures carry nearly equal importance in the flow, although their magnitudes are much smaller compared to 
that in 0φ . Due to the fact that the nozzle horn diverges, these structures are formed relatively close to the horn exit. 
Also, the direction of flow in the secondary structures is not in the direction of the bulk flow at the exit of the nozzle. 
Because these structures are formed close to the exit, it can be concluded that the secondary structures are disruptive 
to the mixing characteristic of the nozzle. Although there may be no way of eliminating them, it might be possible to 
minimize their effects by changing the shape of the nozzle in such a way that these structures are formed farther 
away from the exit. This means that the outlet flow through the nozzle maintains its primarily unidirectional bulk 
flow characteristic for a larger distance from the exit. In other words, considering the hypothetical case of the flow 
through a nozzle being purely one-dimensional, the secondary structures in the flow should be formed farther away 
from the nozzle horn exit. Hence, the nozzle shape should be designed to minimize the effect of the secondary 
structures in the flow. The effect of a converging horn is that it decreases the mass flow rate through the nozzle even 
though a uniform outlet velocity can be obtained. The effect of a diverging horn (like the current configuration) is 
that the flow diverges as soon as it exits the horn, making it difficult to obtain a uniform outlet velocity. Thus, an 
“intermediate configuration” must be found that balances the opposing effects of uniform velocity and mass flow at 
the outlet of the horn. This issue is addressed in Englebrecht4 by using an objective function that awards a uniform 
exit velocity while keeping the mass flow through the nozzle at an acceptable level. Breaking down data from any 
dynamic system into its lower-order components/representations can therefore be seen to give a unique perspective 
on understanding the dynamics of the physical system. 
D. Pressure Field 
Fig. (4) shows a comparison of the ROM and CFD results of the pressure distribution in the nozzle for an inlet 
velocity of 22.5168 m/s. The pressure field generated by the POD approximation can be seen to closely match the 
results from the CFD simulation for the same value of the input parameter. 
 
 
(a). Pressure distribution obtained from POD approximation.  
 
 
(b). Pressure distribution obtained from CFD simulation.  
 
Figure (4). Comparison of pressure distribution from ROM and CFD.  
 
The average and maximum errors of the POD approximation for the pressure distribution, computed using Eq. 
(6), are shown below. 
 
Average Error (%) 2.38806e-06 
Maximum Error (%) 9.6944e-05 
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VI. Optimal Shape Nozzle 
A. Velocity Field 
Data collection and analysis similar to that performed for the original (baseline) nozzle in the previous section 
has also been performed on the best design nozzle obtained from the results of applying the evolutionary algorithm 
from Englebrecht4.  The first nine singular values corresponding to the velocity magnitude of the ensemble matrix 
are shown in Table (2). 
The results from applying the POD approximation to the nozzle data is shown in Fig. (5). Table (2) shows the 
normalized singular values and the corresponding energy captured by the first nine modes of the POD expansion for 
the velocity field. The energy captured by each mode is computed by considering all the modes and not just the nine 
shown below. 
 
Mode Normalized Singular Value
1
is
s
 Energy% Cumulative Energy % 
0 1 98.7488 98.7488 
1 0.00862048 00.8513 99.6001 
2 0.00168206 00.1661 99.7662 
3 0.00125661 00.1241 99.8903 
4 0.000428814 00.0423 99.9326 
5 0.000234588 00.0232 99.9558 
6 0.000150822 00.0149 99.9707 
7 8.92431e-05 00.0088 99.9795 
8 6.54081e-05 00.0065 99.9860 
 
Table (2). Normalized singular values and the corresponding energies for the velocity field. 
 
Fig. (5) shows a comparison of the POD approximation and the actual CFD solution. 
 
 
(a). POD approximation.  
 
(b). CFD solution.  
 
Figure (5). Comparison of the ROM and CFD solutions.  
 
It can be seen that most of the energy is captured by just the first mode. This can be conjectured from the 
physical problem of a nozzle flow, where the bulk flow is directed primarily in one direction. Furthermore, it is also 
seen that the outlet velocity through the nozzle is uniform compared to the original nozzle. 
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B. Error Computation  
Using the error metric from Eq. (6), the average and maximum errors were computed for the velocity magnitude 
and are shown below. 
 
Average Error (%) 3.62075e-05 
Maximum Error (%) 0.33762 
C. Eigenfunction Analysis 
 In the optimized nozzle, the secondary flow structures characterized by the projections on the first and second 
modes show these structures much further downstream than in the original nozzle. This underscores the fact that 
optimizing the nozzle with the objective of obtaining a uniform velocity at the outlet enhances its mixing 
characteristics. The projection on the 0th mode captures approximately 99.7 % of the total energy in the POD 
approximation. This is more than the contribution of the 0th mode in the original nozzle. Similarly, the contributions 
of the first and second modes are also smaller than their corresponding counterparts in the original nozzle. This 
demonstrates that the optimized nozzle has better performance characteristics than the original one, due to the fact 
that the dominance of the 0th mode has been enhanced. 
 
 
 
 
(a) Projection on Mode 0, 0φ  
 
(b) Projection on Mode 1, 1φ  
 
(c) Projection on Mode 2, 2φ  
D
ow
nl
oa
de
d 
by
 IO
W
A
 S
TA
TE
 U
N
IV
ER
SI
TY
 o
n 
O
ct
ob
er
 1
2,
 2
01
4 
| ht
tp:
//a
rc.
aia
a.o
rg 
| D
OI
: 1
0.2
514
/6.
200
8-5
965
 
 American Institute of Aeronautics and Astronautics 
092407 
 
10 
 
(d). Average flow computed using all the datasets.  
 
Figure (6). First three dominant modes and the mean flow.  
D. Pressure Field 
 Similar analysis to the above is also performed on the pressure field. The dominant modes are shown below 
in Table (3). 
 
Mode Normalized Singular Value
1
is
s
 Energy% Cumulative Energy % 
0 1 99.7348 99.7364 
1 0.00229018 0.22841 99.9648 
2 0.000158942 0.0158521 99.9807 
3 0.00012938 0.0129037 99.9936 
4 2.60756e-05 2.60064e-03 99.9962 
5 1.94877e-05 1.9436e-03 99.9981 
6 8.92547e-06 8.9018e-04 99.999 
7 5.97681e-06 5.96095e-04 99.999603 
8 3.98429e-06 3.97373e-04 100≈  
 
Table (3). Normalized singular values and the corresponding energies for the pressure field. 
 
 
(a). Pressure distribution ROM. 
 
 
(b). Pressure distribution CFD.  
 
Figure (7). Comparison of pressure distribution from ROM and CFD.  
 
D
ow
nl
oa
de
d 
by
 IO
W
A
 S
TA
TE
 U
N
IV
ER
SI
TY
 o
n 
O
ct
ob
er
 1
2,
 2
01
4 
| ht
tp:
//a
rc.
aia
a.o
rg 
| D
OI
: 1
0.2
514
/6.
200
8-5
965
 
 American Institute of Aeronautics and Astronautics 
092407 
 
11 
The average error computed over all the grid points and the maximum error for the pressure distribution are shown 
below.  
 
Average Error (%) 1.20629e-06 
Maximum Error (%) 2.08399e-05 
 
 
E. Comparison of Eigenvalues  
 The singular values obtained after computing the SVD are plotted against the corresponding mode number on 
a log-linear scale, shown in Fig. (8). The singular values signify the importance of each mode (basis function) in the 
POD expansion. It should be noted that the 0th and the first modes vary by two orders of magnitude. Also, the 
second mode is much more dominant in the original nozzle than in the optimized nozzle. The singular values are 
plotted for only for the first nine modes.  
 
 
 
Figure (8). Comparison of the first nine normalized singular values plotted on a linear-log scale (singular value 
spectrum). 
 
VII. Conclusions and Future Work 
 Reducing the dimensionality of high-fidelity models like the mixing nozzle enables development of controllers 
that can use the results from real-time computation of the flow field and take appropriate controlling action to 
modify the output to reach a desired state. This can be particularly useful in controlling processes like mixing 
chemical solutions in a tank and other mixing phenomena used in the process industry.  
 Fig. (9) shows a flowchart of all the steps involved in generating a ROM from CFD data. Once the CFD data is 
generated and concatenated, the data for any future ROM generation/enhancement capabilities can be stored. 
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Similarly, after the computation of the SVD (i.e. the right and left eigenvectors), this data can also be stored for 
future use. It is critical that this data is stored since the SVD computation can potentially be time-consuming 
depending on the size of the data set. The time-consuming computations are identified with red outlines in the 
flowchart in Fig. (9). Since the process of generating models using the discrete form of the POD technique is data-
driven, data from sensors can be used to define models and analyze structures within these models. Even though the 
POD technique is based on the linear combination of a set of basis functions, it makes no assumptions about the 
linearity of the model and is a powerful technique in scientific data analysis.  
 The next phase of this research will also investigate the optimization of the complete system in which the nozzle 
is used within the tank. The nozzle inlet velocity is the only design parameter changed for the problem researched 
here. In future cases, investigating changes in the shape of the nozzle to include in the ROM would also be of 
interest to further investigate the inclusion of this proposed algorithm into a larger systems optimization problem. 
Also of interest would be investigating how this data-driven approach can be used to construct ROMs if the shape of 
the nozzle changes, in addition to other parameters of interest.  
 
 
Figure (9). Flowchart of ROM generation process.  
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